We compute the quantum string entropy S s (m, H) from the microscopic string density of states ρ s (m, H) of mass m in de Sitter space-time. We find for high m, (high Hm → c/α ′ ), a new phase transition at the critical string temperature T s = (1/2πk B )L cℓ c 2 /α ′ , higher than the flat space (Hagedorn) temperature t s . (L cℓ = c/H, the Hubble constant H acts at the transition as producing a smaller string constant α ′ and thus, a higher tension). T s is the precise quantum dual of the semiclassical (QFT Hawking-Gibbons) de Sitter temperature T sem =hc/(2πk B L cℓ ). By precisely identifying the semiclassical and quantum (string) de Sitter regimes, we find a new formula for the full de Sitter entropy S sem (H), as a function of the usual Bekenstein-Hawking entropy S (0)
Abstract
We compute the quantum string entropy S s (m, H) from the microscopic string density of states ρ s (m, H) of mass m in de Sitter space-time. We find for high m, (high Hm → c/α ′ ), a new phase transition at the critical string temperature T s = (1/2πk B )L cℓ c 2 /α ′ , higher than the flat space (Hagedorn) temperature t s . (L cℓ = c/H, the Hubble constant H acts at the transition as producing a smaller string constant α ′ and thus, a higher tension). T s is the precise quantum dual of the semiclassical (QFT Hawking-Gibbons) de Sitter temperature T sem =hc/(2πk B L cℓ ). By precisely identifying the semiclassical and quantum (string) de Sitter regimes, we find a new formula for the full de Sitter entropy S sem (H), as a function of the usual Bekenstein-Hawking entropy S For L cℓ ≫ ℓ P lanck , ie. for low H ≪ c/ℓ P lanck , S We compute the string quantum emission cross section σ string by a black hole in de Sitter (or asymptotically de Sitter) space-time (bhdS). For T sem bhdS ≪ T s , (early evaporation stage), it shows the QFT Hawking emission with temperature T sem bhdS , (semiclassical regime). For T sem bhdS → T s , σ string exhibits a phase transition into a string de Sitter state of size L s = ℓ 2 s /L cℓ , (ℓ s = hα ′ /c), and string de Sitter temperature T s . Instead of featuring a single pole singularity in the temperature (Carlitz transition), it features a square root branch point (de Vega-Sanchez transition). New bounds on the black hole radius r g emerge in the bhdS string regime: it can become r g = L s /2, or it can reach a more quantum value, r g = 0.365 ℓ s .
I. INTRODUCTION AND RESULTS
The understanding of semiclassical and quantum gravity de Sitter regimes is particularly important for several reasons:
(i) the physical (cosmological) existence of de Sitter (or quasi de Sitter) stages, describing inflation at an early stage of the universe (semiclassical or quantum field theory (QFT) regime), and acceleration at the present time (classical regime).
(ii) the need of describing de Sitter (or quasi de Sitter) quantum regimes. Besides their conceptual interest, these regimes should be relevant in the stage preceeding semiclassical inflation, their asymptotic behaviour should provide consistent initial states for semiclassical inflation, and clarify, for instance, the issue of the dependence of the observable primordial cosmic microwave fluctuations on the initial states of inflation.
(iii) the lack till now of a full conformal invariant description of de Sitter background in string theory [1] . This should not be considered as an handicap for de Sitter space-time, but as a motivation for going beyond the current scarce physical understanding of string theory. The flow of consistent cosmological data (cosmic microwave background, large scale structure, and supernovae observations) place de Sitter (and quasi-de Sitter) regimes as a real part of the standard (concordance) cosmological model, [2] - [5] .
(iv) the results of classical and quantum string dynamics in de Sitter space-time. Besides its interesting features, solving the classical and quantum string dynamics in conformal and non conformal invariant string backgrounds it shows that the physics is the same in the two class of backgrounds: conformal and non conformal. The mathematics is simpler in conformal invariant backgrounds, the main physics, in particular the string mass spectrum, remains the same, [6] - [9] , [1] .
In this paper, we describe classical, semiclassical and quantum de Sitter regimes. A clear picture for de Sitter background is emerging, going beyond the current picture, both for its semiclassical and quantum regimes.
A central object is ρ s (m, H), the microscopic string density of states of mass m in de
Sitter background. ρ s (m, H) is derived from the string density of levels d(n) of level n and from the string mass spectrum m(n, H) in de Sitter background. The mass formula m(n, H)
is obtained by solving the quantum string dynamics in de Sitter background [6] - [10] . The density of levels d(n) is the same in flat and in curved space-times. As a result, the mass formula m(n, H) and ρ s (m, H) are different from the respective flat space-time string mass spectrum and flat space mass level density. The formulae m(n, H) and ρ s (m, H) depend on the two characteristic lengths in the problem: L cℓ = c/H , the de Sitter radius and ℓ s = hα ′ /c, the fundamental string length, or equivalently on the respective mass scales: From ρ s (m, H), we get the string entropy S
s (m, H). We find that a phase transition takes place at m = M s , ie T = T s . This is a gravitational like phase transition: the square root branch point behaviour near the transition is analogous to the thermal self-gravitating gas phase transition of point particles [18] . This is also the same behaviour as for strings in flat space-time but with the spin modes j included in the high j regime, (j → m 2 α ′ c),
(extreme transition) [14] . As pointed out in [13] , this string behaviour is universal, it holds in any number of dimensions, and is similar to the Jeans's instability at finite temperature but with a more complex structure.
The transition occurs at the string de Sitter temperature T s = L s /ℓ s t s higher than the flat space (Hagedorn) value t s . This is so, since for high masses, the true critical string temperature in de Sitter background is T s , instead of t s . The flat space (Hagedorn) temperature t s is the scale temperature in the low Hm regime. H, which acts in the sense of the string tension, does appear in the transition temperature as an "effective string tension" (α
(and thus a higher tension).
T s is the precise quantum dual of the semiclassical (QFT Hawking-Gibbons) de Sitter temperature T sem =hc/(2πk B L cℓ ), the two temperatures satisfy:
When m → M s the string becomes "classical " reflecting the classical properties of the background, m becomes M cl , (with α ′ instead of G/c 2 ), thus the string becomes the " background " [13] . Conversely, and interestingly enough, string back reaction supports this 
sem (H) is the leading term of this expression, but for M → m P l , that is L cℓ → ℓ P l , i.e high Hubble constant H → c/ℓ P l (quantum gravity regime), S sem (H). This new phase transition takes place at the Planck mass m P l , or equivalently at the Planck temperature t P l . Its signature is a branch point square root behaviour at the transition temperature in all space-time dimensions.
We also consider the string regimes of a black hole in a de Sitter (or asymptotically) de Sitter background (bhdS). We compute the quantum string emission cross section σ string by a Schwarschild black hole in de Sitter background. For T sem bhdS ≪ T s , (early evaporation stage), σ string shows the Hawking emission with temperature T sem bhdS , (semiclassical regime). For T sem bhdS → T s , σ string exhibits a phase transition at T sem bhdS = T s : the massive emission condensates into a string de Sitter state of string de Sitter size L s and string de Sitter temperature T s . Again, this is not like the flat (or asymptotically flat) space string phase transition (of Carlitz type [17] , [11] ), but this is a de Sitter string transition: instead of featuring a single pole singularity at T s , σ string features a square root branch point at T s in any D dimensions, similar to the one exhibited by ρ s (m, H) and by the partition function of the string gaz in de Sitter space-time . This is the same behavior exhibited by the thermal selfgravitating gas of point particles (de Vega-Sanchez transition, [18] ) New string bounds on the black hole emerge in the bhdS string regime, ie. when This work does not make use of AdS (Anti-de Sitter space), neither of CPP's (conjectures, proposals, principles, assumed in string theory in the last years).
II. SEMICLASSICAL DE SITTER BACKGROUND
The D-dimentional de Sitter metric can be expressed in terms of the so called static coordinates as
where
the horizon being located at
H is the Hubble constant and L cℓ the classical de Sitter length.
In the context of Quantum Field Theory (Q.F.T) in curved space time, de Sitter background has a semiclassical (Hawking-Gibbons) temperature [16] given by
Eq. (4) 
de Sitter space time can be viewed as generated by a constant equation of state (with positive energy density ǫ and negative pressure density p), satisfying
In D = 4, the following relations hold
being G the Newton gravitational constant.
III. QFT SEMICLASSICAL DE SITTER ENTROPY
In the semiclassical or Q.F.T regime, the relation between the semiclassical entropy S sem (H) and the density of states ρ sem (H) of de Sitter background is given by
The zeroth order semiclassical de Sitter entropy is given by
Eq. (12) for the (zero order) gravitational entropy is the ordinary entropy expression for any ordinary system, where T sem is the Hawking temperature. The Hawking temperature T sem is just the Compton length of Sitter space in the units of temperature, that is, the temperature scale of the semiclassical gravity properties for which the mass scale is precisely M sem Eq. (14). This semiclassical or intermediate energy regime interpolates between the classical and the quantum regimes of gravity. We discuss more on these regimes in Section (X).
As we will see in Section (X), the Bekenstein-Hawking entropy S 
IV. QUANTUM STRING ENTROPY IN DE SITTER BACKGROUND
The entropy of quantum strings in de Sitter background is defined by
where ρ s (m, H) is the string density of mass levels in de Sitter space time.
In order to derive ρ s (m, H), let us notice that the degeneracy d n (n) of level n (counting of oscillator states) is the same in flat and in curved space time. The differences, due to the space-time curvature, enter through the relation m = m(n) of the mass spectrum. As is known, asymptotically for high n, the degeneracy d n (n) behaves universally as
where the constants a ′ and b depend on the space time dimensions and on the type of the strings; for bosonic strings:
For large n, the mass formula for quantum strings in de Sitter background is given by [7] -
For H = 0, we recover from the above expressions the flat space-time mass string spectrum.
In Eq. (18) and Eq. (19), m s is the fundamental string mass and M s the characteristic string mass in de Sitter space time [7] - [9] , [10] , [13] 
α ′ is the fundamental string constant (α ′−1 is a mass linear density), ℓ s is the fundamental string length and L cℓ is given by Eq. (2). Furthermore, M s defines the quantum string de Sitter length L s :
and the string de Sitter temperature T s :
T s is the critical string temperature in de Sitter space, as it is shown in Sec.VI and Sec.VIII below.
The density ρ s (m, H) of mass levels and the level degeneracy d n (n) satisfy
ie.
where ( m ms
being read from the r.h.s of Eqs. (18) and (19) .
From Eqs. (18) - (24), we derive the string mass density of levels in de Sitter background (closed strings): For H → 0 we recover the flat space-time solution
(25) can be expressed in a more compact way as:
Several expressions for the exact ρ s (m, H) are useful depending on the different behaviours we would like to highligth: the flat H=0 limit, the low mass, or the high mass behavior.
Let us introduce the (zero order) string entropy in flat space time :
where t s is the fundamental string temperature in flat space-time
Therefore, from Eqs. (25) and (29), the mass density of levels ρ s (m, H) for both open and closed strings can be expressed as :
x being the dimensionless variable
s is given by Eq.(29). In terms of ∆ s Eq.(28), we have:
For small x, (small Hmα ′ /c), f (x) can be naturally expressed as a power expansion in x.
In particular, for H = 0, we have x = 0 and f (x) = 1, and we recover the flat space time string solution: 
From Eqs. (15), (31) we can read the full string entropy in de Sitter space :
i.e :
The mass domain is 0 ≤ m ≤ M s , ie. 0 ≤ x ≤ 1/2, (which implies 0 ≤ ∆ s ≤ 1, ie.
All terms in the entropy except the first one have negative sign, (Eq.(38) or Eq. (40)). For sem (H).
V. THE STRING DE SITTER PHASE TRANSITION
For m ∼ M s , the string mass density of levels Eq. (25) is 
Thus, for m ∼ M s , the entropy behaves as:
Or, in terms of temperature :
We see that a phase transition takes place at m = M s , ie T = T s . This is a gravitational like phase transition: the square root branch point behaviour near the transition is analogous to the thermal self-gravitating gas phase transition of point particles [18] . This is also the same behaviour of the microscopic density of states and entropy of strings with the spin modes included [14] . As pointed out in [13] , this string behaviour is universal: this logarithmic singularity in the entropy (or pole singularity in the specific heat) holds in any number of dimensions, its origin is gravitational interaction in the presence of temperature, as Jeans's instability at finite temperature but with a more complex structure.
The transition occurs at the temperature T s Eq. (46) higher than the (flat space) string temperature t s :
This is so since in de Sitter background, the flat space-time string mass m s , (Hagedorn temperature t s ) is the scale mass, (temperature), in the low Hm regime. For high masses, the critical string mass, (temperature), in de Sitter background is T s , instead of m s , (t s ). In de Sitter space, H "pushes" the string temperature beyond the flat space (Hagedorn) value
By analogy with t s , T s can be expressed as
That is, H, which acts in the sense of the string tension, does appear in the transition temperature as an "effective string tension" (α
(and thus a higher tension).
The effect of H in the transition is similar to the effect of angular momentum. In [14] we have found a similar transition for strings in flat space-time but with the spin modes (j) included: in that case, the transition occurs at a temperature T j = (j/h) t s , higher than the Hagedorn temperature t s , that is like an effective string constant α 
VI. PARTITION FUNCTION OF STRINGS IN DE SITTER BACKGROUND AND STRING BOUND ON THE SEMICLASSICAL DE SITTER TEMPERATURE
The canonical partition function for a gaz of strings in de Sitter background is given by We see that for the low mass string spectrum, the canonical partition function shows a pole behaviour at T sem → t s , Eqs. (4) and (30). This is so, since for low masses, (low Hm regime), the string mass (temperature) scale is the flat space-time mass m s , (t s ). This single pole (Carlitz type [17] ) behavior near t s is universal for any space time dimension D. This is the same T sem → t s behavior as for strings in flat space time [17] and as for strings in the Schwarzchild and Kerr black holes [11] , [14] .
For low temperatures T sem ≪ t s , we recover the semiclassical (Q.F.T) non singular thermal behavior at the semiclassical (QFT) temperature T sem :
From Eqs. (41) and (50) the leading behavior of ln Z for high masses (m ∼ M s ) is given by
where β sdS = (k B T s ) −1 , T s being the string de Sitter temperature Eq. (22).
Eq.(53) shows a singular behavior for β sem → β sdS which is general for any space-time dimensions D; this is a square root branch point at T sem = T s . That is, a phase transition takes place for T sem → T s , which from Eqs. (4), (13) and (22) 
Furthermore, we see from Eq. (53) that T sem has to be bounded by T s , (T sem < T s ) . In fact, the low mass spectrum temperature condition T sem < t s Eq. (51), and the high mass spectrum condition T sem < T s Eq. (53) both imply the following upper bound for the Hubble constant H (Eqs. (2), (4), (21), and (22)):
In the string phase transition T sem → T s , H reachs a maximum value sustained by the string tension α ′−1 (and the fundamental constantsh, c as well):
The highly excited m → M s string gaz in de Sitter space undergoes a phase transition at high temperature T sem → T s , into a condensate stringy state. Eqs. (56) s plus negative corrections in an expansion in powers of (R sem /R s ) [10] . The two phases: semiclassical and stringy are dual of each other in the precise sense of the classical-quantum duality [10] , [12] , [13] .
The results of these Sections allow also to consider the string regimes of a black hole in a de Sitter (or asymptotically) de Sitter background. This allow to study the effects of the cosmological constant on the quantum string emission by black holes, and the string bounds on the semiclassical (Gibbons-Hawking) black hole-de Sitter (bhdS) temperature T sem bhdS , this is done in Sections (VII)-(IX) below. and a more interesting one
From Eqs. (64) and (66), the black hole surface gravity in the presence of Λ is given by:
which for Λ = 0 yields the Schwarzschild surface gravity
The Hawking black hole temperature in de Sitter space is
which can be written as
with
Or, in terms of H Eq. (59):
For H = 0, one recovers the black hole Hawking temperature
With these expressions for the semiclassical bhdS background we are prepared to compute the quantum emission of strings by a Schwarzschild black hole in the de Sitter background.
VIII. QUANTUM STRING EMISSION BY A BLACK HOLE IN DE SITTER BACKGROUND
The quantum field emission cross section σ QF T (k) of a given emitted species of particles in a mode k by a black hole in de Sitter background is given by
where Γ A is the greybody factor (absorption cross section), and for the sake of simplicity, only bosonic states have been considered ; β sem bhdS = (k B T sem bhdS ) −1 , and T sem bhdS is given by Eq. (70). The quantum field emission cross section of particles of mass m is defined as
where dµ(k) is the number of states between k and k + dk:
From Eq. (75) we have
For large m and the leading order n = 1, (β sem bhdS mc 2 ≫ 1), we obtain with the asymptotic behavior of the Bessel function K ν :
In the string analogue model, the string quantum emission cross section, σ string , is given 
For m ≪ M s , (which is a low Hm regime), the string emission cross section shows the same singular behavior near t s as the low Hm behavior of the canonical de Sitter partition function Eq. (51), and as the quantum string emission by a (asymptotically flat) black hole [11] , [14] , here at the temperature T sem bhdS . This is so, since in the bhdS background, the string mass scale for low string masses (temperatures) is the Hagedorn (flat space) string temperature t s . T sem bhdS → t s is a high temperature behaviour for low Hm ≪ c/α ′ , t s is smaller than the string de Sitter temperature T s .
For low temperatures β sem bhdS ≫ β s we recover the semiclassical (QFT) Hawking emission at the temperature T sem bhdS :
For high masses (m ∼ M s ) we have for the σ string leading behavior :
The black hole-de Sitter emission cross section shows a phase transition at T sem bhdS = T s :
the string emission by the black hole condensates into a de Sitter string state of string de Sitter temperature T s . This is not like the flat (or asymptotically flat) space string phase transition (of Carlitz type [17] , [11] ), but this is a de Sitter type transition. Instead of featuring a single pole singularity in ( T − T s ), the transition is a square root branch point. The evaporation of a black hole in de Sitter space time from a semiclassical or quantum field theory regime (Hawking radiation) into a quantum string de Sitter regime (late stages), can be seen as well in the black hole decay rate. In the early evaporation stages, the semiclassical black hole in de Sitter background decays thermally as a grey body at the Hawking temperature T sem bhdS Eq. (72), with the decay rate
(h = c = k B = 1). As evaporation proceeds,T sem bhdS increases until it reaches the string de Sitter temperature T s , the black hole itself becomes an excited string de Sitter state, decaying with a string width [13] , [14] 
with pure (non mixed) quantum radiation. The implications of the limit T sem bhdS = T s are analyzed in the Section below.
IX. STRING BOUNDS FOR A BLACK HOLE IN DE SITTER BACKGROUND
The black hole-de Sitter (bh-dS) background tends asymptotically to de Sitter space-time.
Black hole evaporation will be measured by an observer which is at this asymptotic region. 
which implies the following condition
The bound is saturated (T sem = T s ) for a gravitational radius which satisfies
yielding the physical solution
For L cℓ ≫ ℓ s :
For L cℓ = ℓ s :
Eq. (88) shows the relation between the Schwarzschild radius and the cosmological con- In an asymtotically flat space-time, the black hole radius becomes ℓ s in the string regime.
In an asymptotically de Sitter space, when T sem bhdS reaches T s , the black hole radius r g becomes the de Sitter string size L s . If the de Sitter radius L cℓ reaches L s , (which implies 
